Abstract Digital Image Correlation (DIC) is an easy to use yet powerful approach to measure displacement and strain fields. While the method is robust and accurate for a variety of applications, standard DIC returns large error and poor correlation quality near displacement discontinuities such as cracks or shear bands. This occurs because the subsets used for correlation can only capture continuous deformations from the reference to the deformed image. As a result the regions around discontinuities are typically removed from the area of interest, before or after analysis. Here, a novel approach is proposed which enables the subset to split in two sections when a discontinuity is detected. This method enables the measurement of "displacement jumps", and also of displacements and strains right by the discontinuity (for example a crack profile or residual strains in the wake). The method is validated on digitally created images based on mode I and mode II asymptotic displacement fields, for both sub-pixel and super-pixel crack opening displacements. Finally, an actual fracture experiment on a high density polyethylene (HDPE) specimen demonstrates the robustness of the method on actual images. Compared to other methods capable of handling discontinuities, this novel "subset-splitting" procedure offers the advantage of being a direct extension of the now popular standard DIC, and can therefore be implemented as an "upgrade" to that method.
Introduction
Digital Image Correlation (DIC), since its introduction about 25 years ago [1] , has become a popular method for the measurement of displacement and strain fields. DICbased mechanical experiments are generally easier to setup and to carry out than experiments involving other strain measurement methods such as strain gages or speckle interferometry. DIC is also a very flexible technique that can be applied to any type of digital image (photography, optical, electron or atomic force microscopy). The method correlates the intensity distribution of small subsets of pixels from a reference image and a deformed image to determine the full displacement fields [1, 2] . Standard DIC is an accurate and robust method in a large number of applications, but the method fails when strong displacement discontinuities such as cracks [3, 4] or shear bands [5] are present in the image. More specifically, the subset is unable to capture displacement jumps; the measured displacements are erroneous in a region centered on the discontinuity and of width equal to the subset size used for the analysis. It is therefore common to either not correlate the image subsets near discontinuities, or to correlate them and remove the erroneous values afterwards [6] [7] [8] [9] . These areas can actually be removed automatically from the final results by discarding subsets with insufficient correlation quality (i.e. whose correlation coefficient is below or above a set value, depending on which definition is used for the correlation coefficient) [10] . While these approaches facilitate data analysis, the displacements and strains near a crack or shear band can still not be determined with standard DIC. This becomes a limitation for cases where one wants to measure the residual strains in the wake of a crack or to compute J integrals on closed contours around the crack tip.
Alternate correlation methods that overcome this limitation have been recently developed. For example, Jin and Bruck developed a pointwise DIC method, which optimizes the in-plane displacements of all the pixels within a subset simultaneously, thereby enabling the measurement of discontinuous displacements [11] . This technique requires genetic algorithms because of the large number of unknowns that are optimized at one time. Réthoré, Hild, and Roux developed another approach called extended DIC, which is capable of handling cracks [12, 13] . The method is based on the finite element method: the image is meshed with elements, and the global correlation between reference and deformed image is minimized to yield the nodal displacements. This "global" approach differs fundamentally from standard digital image correlation, where subsets of the image are correlated independently from each other. The extended DIC then borrows from the extended finite element method (XFEM) [14] by "enriching" the shape functions of the elements to take into account the presence of a crack. While pointwise DIC can provide good results in the presence of a crack, this technique is computationally expensive. In addition, both pointwise and extended DIC differ fundamentally from standard DIC. Here we propose a third route to handling displacement discontinuities, which is a direct extension of the subset-based standard DIC and which in this sense can be viewed as an "add-on" to that method. While the core of the method remains the same, the subset is allowed to split in two sections when a discontinuity is detected. The theory and implementation of subset splitting are presented in the first section of this article. Three examples follow: two validations on digitally generated images of cracked samples in mode I and mode II, and a qualitative application from an actual fracture test.
Digital Image Correlation and Subset Splitting a. Standard method:
The subset splitting procedure is a direct extension of the standard two dimensional DIC, which is briefly summarized in this section (more details can be found elsewhere [15] [16] [17] [18] ). For standard DIC, digitized images of the randomly speckled specimen surface are acquired (by a CCD camera for example) in the undeformed state (reference image, with intensity distribution f(X, Y)) and in the deformed state (deformed image, with intensity distribution g(X, Y)). The deformed image is interpolated to obtain a continuous description of the intensity distribution, (fifth order B-splines were found to yield the best results [17] ). The displacement of a pixel located at (X p , Y p ) in the reference image is determined using subset shape functions to map the displacement of a square subset centered on that pixel [ Fig. 1(a) ]. Linear subset shape functions were chosen for the present work:
Where u and v are the center of the subset's displacements and , maximizes the cross-correlation coefficient [15] or minimizes the least-squares correlation coefficient [16] . The least-squares correlation coefficient C was selected for the present work to take advantage of the Hessian approximation presented by Vendroux and Knauss [16] :
where m ¼ nÀ1 2 and n is the subset size. In equation (2) C=0 means a perfect match between reference and deformed subsets. To minimize C, a Newton-Raphson approach was implemented to find the zeros of the gradient of C [15] . Thus, the optimized shape function parameters can be determined iteratively using the following formula, until a stopping condition is met:
Where [H] is the Hessian matrix and ∇C is the gradient of C q ! À Á . This iterative procedure can then be performed on several subsets thereby generating the full displacement field of the surface.
While this method is robust and accurate for a large number of applications, it fails near cracks or shear bands, because the subset shape function is unable to capture the strong displacement discontinuities associated with these features. This has been limiting the applications of DIC in fracture mechanics, and a common approach had been to simply not correlate pixels whose subset cross the discontinuity.
b. The subset splitting method
The subset splitting method is a direct extension of standard DIC. It enables the subset to split in two sections when a discontinuity is detected [ Fig. 1(b) ]. The approach is similar to "enriching" the subset shape functions with a discontinuous displacement field as in extended finite elements [14] or extended digital image correlation [12, 13] . Consider an image subset intersected by a displacement discontinuity (such as a crack or a shear band). The subset is assumed to be small enough so that the intersection can be modeled as a line with equation j ¼ ai þ b, where (i, j) are subset coordinates (with origin at the subset center). Higher order polynomials could possibly be implemented to account for a non-linear shaped discontinuity, but the present work will consider only lines: Assuming that the subset is small with respect to the discontinuity's curvature, a line can model the discontinuity correctly. The line splits the subset into a "master section" which contains the subset center and the most pixels, and the "slave section" (Fig. 2) . The pixels which are intersected by the line are excluded from the correlation coefficient calculations. The special cases where the line crosses the center pixel are automatically excluded from the analysis by the algorithm. These cases represent attempts to determine the displacement of pixels which lie on the discontinuity, which cannot be resolved. In other words, the crack has "cut" the pixel of interest in two; this pixel can arguably be on either crack face. After the subset is split, the pixels on either side of the splitting line are no longer expected to contain discontinuities and are assigned their own distinct sets of continuous, linear shape function parameters (i.e. q ! Master and q ! Slave ). However, the two sections each contain a fraction of the complete subset and therefore, both contribute to the same correlation coefficient C (equation 2). In total, 14 parameters must be optimized in the subset splitting method: Two splitting line parameters (slope a and y-intercept b), six mapping parameters for the master section and six mapping parameters for the slave section. In implementing the optimization it rapidly became evident that the splitting line parameters a and b had to be treated separately. Incorporating these line parameters into the Newton-Raphson method proved impractical because the partial derivatives with respect to a and b cannot be passed into the sums of C. Also, numerical derivatives proved troublesome as C(..., a, b) is not well behaved. Thus, the line parameters were not optimized directly. Instead, the optimized deformation parameters were assumed to yield optimized line parameters. This assumption is acceptable because the splitting line simply removes all pixels through which it crosses (Fig. 2 ). For example, let a horizontal discontinuity cross the subset at 0.25 pixels above the subset subset is split by a discontinuity into a master section and a slave section. The grayed pixels which are intersected by the line are discarded from the correlation coefficient calculations center. The optimized line parameters would be a=0, b=0.25. However, using a=0.0005, b=0.1 would have exactly the same effect, since the same pixels would be removed. Specific details about computing the line parameters are outlined in the upcoming section. While the parameters of interest are only the displacement of the center pixel u and v, which is contained by the master subset, there is still a need to track and optimize the translation and deformation of the slave section. This slave section is needed to add stability when determining the location of the splitting line. A "subset cropping" approach where the pixels from the slave section were discarded from the calculation of C was unsuccessful and did not converge properly, because in all cases this approach encouraged the Master section to be as small as possible to minimize C.
c. Subset Splitting Implementation
The standard DIC and the subset splitting method were implemented in Matlab (The MathWorks, Natick, MA, USA). The flowchart for the algorithm is shown on Fig. 3 . The first step is a standard DIC analysis on the entire area of interest. This first analysis typically yields acceptable results everywhere within the area of interest except near discontinuities such as cracks or shear bands, where the quality of the correlation is significantly lower. In a second step, the subsets whose correlation quality is poorer than a preset value (the "splitting threshold" C st ) are selected to be re-correlated with the subset splitting method. The optimization of the 14 split subset parameters requires initial guesses. For the first subset to undergo subset splitting, the initial guess for the mapping of the master section is provided by the nearest subset with a valid C (i.e., C<C st ). With this initial guess q ! 0;1 , a deformed subset g 0 (i, j) can be obtained, and compared with the entire reference subset
of the subset yields a matrix which contains one section that is well correlated, and another section that is poorly correlated (high error values) as a consequence of the discontinuity. A straight line is then fitted onto the boundary between high and low c(i, j)'s to yield an initial guess for a and b. In order to find the first guess for the mapping of the slave section, the nearest subset with a valid C, (i.e. C < C st ) on the opposite side of the discontinuity and normal to the splitting line, is located and its mapping stored as the initial guess for the slave section q ! 0;2 . With these initial guesses, the mapping of the master and slave sections is then optimized with Newton-Raphson. In this process two gradients and Hessians are computed, one for each section. The gradient and Hessian of each section take into account only the pixels contained within that section, unlike C which is composed of contributions from both sections. With these values, the deformation parameters can be optimized:
For every update to q ! Master and q ! Slave , a single correlation coefficient is obtained by piecing together each section's contribution. After q ! Master and q ! Slave have converged, if C is lower than the splitting threshold C st , then the subset is well correlated and the mapping parameters of the master subset are stored. If C is still higher than C st , then the algorithm returns to update the splitting line parameters a and b. To update a and b, the latest q ! Master computed is used to obtain another g 0 (i, j), generate another error matrix c i;
and using the same technique, update the splitting line. This procedure is repeated until the splitting tolerance is met, or until a specified number of iterations have exhausted the search for the best-fit. For the present work, the maximum number of iterations was set at five. Most subsets in the image, including those being split, converged within five iterations. Those that did not converge within that limit were subsets for which the slave section had only a few pixels, which were insufficient to achieve the threshold set for convergence. All of those subsets, however, achieved convergence for the master section.
The maximum number of iteration was set to five by trial and error; it was found that increasing the number of maximum iterations allowed did not change the resulting displacement field.
Validation and Application of Subset Splitting
Example 1: Digitally Created Horizontal Mode I Crack
The subset splitting method was validated on a pair of images which were digitally created from a known displacement field. Note that no artificial noise was introduced into the images; therefore the results from Example 1 and 2 represent upper bounds on performance. For this first example a 500×500 pixel reference image of a random pattern was deformed according to a mode I asymptotic displacement field; a horizontal crack with the tip located at the center of the image:
Here (x, y) and (r, θ) are the Cartesian and polar coordinates centered on the crack tip, K I is the stress intensity factor, E and v are Young's modulus and Poisson's ratio, and k ¼ 3 À 4n ð Þ for plane strain. The Young's modulus and Poisson's Ratio were fixed at 70 GPa and 0.3 respectively. The stress intensity factor was set to 1.5 GPa ffiffiffiffiffiffiffiffiffiffiffi ffi pixels p to obtain a maximum crack opening displacement of about ±5 pixels. Another deformed image was generated using K I =300 MPa ffiffiffiffiffiffiffiffiffiffiffi ffi pixels p in order to obtain a maximum crack opening displacement of about ±1 pixel. To generate each deformed image, two grids of size 500×500, representing the x positions and y positions were created with the origin at the center. Using the displacement fields in equation (5), two more grids of equal size were generated to represent U and V. The U grid was added to the x positions and the V grid to the y positions to yield the deformed positions of the original grids. The intensity values of the reference image were then assigned to these deformed positions. The deformed image's intensity values were then calculated by interpolating the deformed reference intensities at the original grid positions. To mimic the captors of a CCD camera, the interpolated surface was sampled using a square grid around each pixel of the deformed image. Figure 4 shows the reference and deformed images used for this example, together with the area of interest (the crack is composed of interpolated intensities, in some cases hard to distinguish. Their location was circled on the figure). The displacement fields and correlation coefficients for standard DIC and subset splitting DIC are shown in Fig. 5 , for super-pixel crack opening. For these analyses the subset size was 25 pixels (following Pan et al, [19] ) and subsets were correlated every 2 pixels to ensure that almost every point along the faces of the discontinuities was processed by subset splitting; however, this is not a necessary condition for the subset splitting method (a coarser grid would not change the displacements computed by each subset). The preliminary run with standard DIC yielded correlation coefficients on the order of 10 -6 far from the crack (i.e. good quality correlation) and on the order of 10 −4 to 10 −3 near the crack (i.e. poor correlation).
Based on these values, a splitting tolerance of 10 −5 was chosen by the user: Every subset with a correlation coefficient higher than C st =10 −5 underwent subset splitting. This threshold ensured that only the subsets near the crack would undergo subset splitting. Depending on the quality of the images, the splitting threshold must first be adjusted by proper inspection of the correlation coefficients or by trial and error. The results in Fig. 5 clearly show that standard DIC is unable to capture the displacement jump associated with the apparition of a crack in the image. The vertical displacements seem to vary progressively across the crack and the correlation coefficient is significantly degraded in a band 26 pixels wide (about the width of the subset) centered on the crack (the crack perturbs the correlation as soon as it enters a subset). DIC with subset splitting, on the other hand, properly captures the displacement jump and achieves a better correlation quality over the entire image. Note that the displacement fields from the sub-pixel crack opening images (not shown here) looked similar but with smaller magnitudes of displacements. Figures 6 and 7 show the horizontal displacement U, the vertical displacement V, and the correlation coefficient C plotted along the crack line at y=±2 pixels (i.e. lower and upper crack faces) for the case with super-pixel crack openings (Fig. 6 ) and sub-pixel crack openings (Fig. 7) . Clearly, standard DIC is unable to properly capture the crack profile, returning a poor correlation quality (an average of C=0.005 along the crack faces for super-pixel displacements and C=0.0004 for subpixel displacements). On the other hand DIC with subset splitting shows a near perfect match with the theoretical displacement field: the average relative error on the (c) Fig. 11 Data collected along the crack line at ±2 pixels from the crack, sub-pixel opening in mode II: (a) Displacement U, (b) Displacement V, (c) Correlation coefficient C displacement V along the crack face was 0.54% for superpixel and 1.30% for sub-pixel opening displacements, and an average C=1.45E-5 (super) and C=1.06E-5 (sub) was obtained. The error was the largest near the crack tip (ranging from 3% to 70%), because the subset splitting method is currently unable to capture discontinuities which end within the subset. Nevertheless, the correlation quality and the overall result for the subset splitting analysis are far superior to standard DIC near the crack faces.
Example 2: Digitally Created Mode II Crack at an Angle
The subset splitting method was also validated for cases where the discontinuity crosses the subset at an angle and when the displacement jump is tangential to the discontinuity. These two attributes are embodied in this second example; a pure Mode II crack which is located at 35°from the X axis of the image. The mode II crack displacement field is given by:
Àcosð3q=2Þ ð6Þ
Where (x, y) and (r, θ) are the Cartesian and polar coordinates centered on the crack tip, and aligned with the crack line. K II is the stress intensity factor. The parameters above were chosen exactly as in example 1 in order to achieve a set of super-pixel crack sliding displacements and a set of sub-pixel crack sliding displacements. The axes and displacements were then rotated by 35°to obtain the deformed images shown on Figs. 8(b) and (c). The same DIC parameters used in example 1 (subset size, grid size, subset splitting threshold) were used for this set of images. The image correlation results from these images are shown on Fig. 9 . As in the first example, the large errors and poor correlation quality returned by standard DIC are significantly improved by using the subset splitting method (subpixel crack sliding images looked similar and are not presented here). Figures 10 and 11 show the displacements U and V, and the correlation coefficient along the crack line. Theoretical displacements and displacements from DIC were again in good agreement when subset splitting was used. Along the crack the average relative error on the magnitude of the displacements was found to be 0.64% for super-pixel displacements and 2.18% for sub-pixel displacements. Subset splitting can therefore effectively capture the tangential displacement jump along the angled line. Another potential application could therefore be the study of shear bands, which produce similar displacement discontinuities to those from this example. (6) images. A High Density Polyethylene (HDPE) specimen was tested in Single Edge Notched Bending configuration (SENB) following ASTM standard D5045-99 [20] . HDPE was chosen for its ductility and toughness -a stable crack can easily be propagated and imaged in this material. The specimen was cut to a length of 114.3 mm, a width of 25.4 mm, and a thickness of 12.7 mm. The initial notch was generated first with a band saw cut, and then by tapping a fresh razor blade so that the final notch was approximately half the width of the specimen in length [20] . In order to generate a speckle pattern on the surface, small mists of black spray paint were applied by hand. The surface of HDPE being naturally opaque and white; a good quality speckle pattern was easily obtained with black spray paint. The specimen was loaded in three-point bending on a universal loading machine (MTS systems corporation, Eden Prairie, MN, USA). During the experiment about forty 1,600×1,200 TIFF images of the sample surface were captured at regular 8 second intervals using a digital camera on a tripod (Olympus C5060, Olympus America Center Valley, PA, USA). Figure 12 shows a sequence of images used for correlation. The reference image was taken from the unloaded specimen, and the deformed images show the specimen before and after crack propagation. Note that for this material, white ligaments across the crack can be seen on a short distance behind the crack tip. The subset size was chosen as 25 and the grid size as 2 pixels. The splitting threshold was chosen as 0.004 for the early images, but moved up to 0.01 for larger deformations. Figure 13(a) shows that the subset splitting method could properly capture the crack propagation and the associated displacement jump, and that the displacements could be determined very close to the crack faces. Figure 14 shows the crack opening displacement (i.e. the profile of the crack) for different crack lengths. The method is robust and captures the displacement jumps along the entire crack. The next step was the calculation of the strains, which is usually done by finite differences and low pass filtering of the displacements (or any other equivalent technique). In this case this method yields results near the discontinuity which are not representative of the actual strains, because of the perturbation from the displacement jump. The strains near the discontinuity were therefore directly taken from the deformation of the master section for the individual subsets. The resulting strain maps for ε yy are shown in Fig. 13(b) . The subset splitting method captured the strains in the wake of the crack, including near the crack faces. This type of capability could be used to compute J integrals more accurately than with the standard method alone. In addition, the results could capture the shape of the inelastic region ahead of the crack tip, which can be relevant in modeling certain classes of toughening mechanisms associated with phase transformation.
Conclusions
Digital image correlation is now a well-established experimental mechanics technique for measuring displacements and strains on a material surface. However a significant limitation of the basic technique is poor results near discontinuities. Here an improved approach to DIC was introduced to overcome this limitation, where the subset is essentially split into two sections along a line, and where each of these sections is matched using independent deformation parameters. To implement this approach, an algorithm was presented and was validated using two digitally deformed images: one for a horizontal crack in Mode I, and the other for a Mode II crack at an angle. The validation showed that the subset splitting method can accurately capture sub-pixel and super-pixel displacement jumps across discontinuities. Image correlations from an actual fracture test were also presented to demonstrate the robustness of the method on real images. This subset splitting DIC method therefore provides a robust and accurate method to capture displacement jumps and strains near discontinuities, which is a clear improvement over standard DIC. For example crack opening profiles, shapes and sizes of inelastic regions or residual strains in the wake are now accessible through image correlation, which make this approach attractive in experimental fracture mechanics. Compared to other methods that can handle discontinuities, subset splitting DIC offers the advantage of being a direct extension of the now popular standard DIC technique. As such, this new technique can be implemented as an "add-on" by researchers who already use standard DIC. The method can also probably be adapted to handle three-dimensional discontinuities on the basis of digital volume correlation.
